We report a theoretical study of the optical centrifuge acceleration of an asymmetric top molecule interacting with an electric static field by solving the time-dependent Schrödinger equation in the rigid rotor approximation. A detailed analysis of the mixing of the angular momentum in both the molecular and the laboratory fixed frames allow us to deepen the understanding of the main features of the acceleration process, for instance, the effective angular frequency of the molecule at the end of the pulse. In addition, we prove numerically that the asymmetric superrotors rotate around one internal axis and that their dynamics is confined to the plane defined by the polarization axis of the laser, in agreement with experimental findings. Furthermore, we consider the orientation patterns induced by the dc field, showing the characteristics of their structure as a function of the strength of the static field and the initial configuration of the fields.
I. INTRODUCTION
The control of molecular dynamics using external fields has reached an unprecedent degree of precision in the last decades [1] . Specifically, the possibility of aligning and orienting molecular ensembles in space has significant implications in many areas, including the study of chemical reactions [2] [3] [4] [5] , steric effects in collisions [6] or the description of molecules using X-ray and electron diffraction [7] , among others.
One of the most prominent techniques to constrain the motion of molecules in space relies on the application of non-resonant nano-to femtosecond laser pulses, which allow to align a molecule along one axis of the laboratory [8, 9] or, furthermore, along the three axes using circular or elliptically polarized laser fields [10] . On the other hand, the orientation adds a direction to the alignment. The simplest method to orient an ensemble of polar molecules is the application of a static field [11] [12] [13] . The combination of both, a dc field and a non-resonant laser pulse allows for a large degree of orientation and alignment in the adiabatic limit for linear [14] [15] [16] [17] and asymmetric molecules [18] [19] [20] [21] [22] [23] , but it is extremely difficult to reach in general [22, 23] . Many other experimental setups have been proposed to enhance the alignment of a molecular ensemble using external fields, such as the application of two laser pulses with different polarizations [24] [25] [26] , the application of single cycle pulses [27] and single THz pulses [28, 29] , or a combination of THz and femtosecond laser [30, 31] to efficiently achieve both orientation and alignment.
A different insight to the control of the molecular motion using non-resonant laser fields is achieved by means of the optical centrifuge, an IR linearly polarized laser * jomiste@chem.utoronto.ca pulse whose polarization axis rotates with linearly increasing angular velocity [32, 33] . This type of laser fields are able to drive the molecular rotation, which follows the laser's polarization axis up to high angular velocities [34] , leading the molecules to superrotor states. These states are characterized not only by their fast rotation, but also by the constrain of their dynamics to the plane defined by the centrifuge. For highly rotating states, the centrifugal force may lead to the stretching of bonds [35] or even to dissociation [32] . Furthermore, it has been shown that an ensemble of superrotors is stable against collisions [34, 36, 37] , which allows to measure the spinrotation coupling [38] , the interaction with a magnetic field [39] [40] [41] or may also cause magnetization in an ensemble of paramagnetic superrotors [42] .
Many properties of the superrotors can be understood classically, for instance the constraining of the molecular motion to the plane defined by the polarization axis of the laser induced by the centrifugal force [32] . However, phenomena as the revivals in the alignment observed in the experiment [35] demand a full quantum approach [43] . In this work, we tackle a full quantum mechanical description of the alignment and orientation of an asymmetric molecule prototype, SO 2 , interacting with an optical centrifuge and a static electric field by solving the time-dependent Schrödinger equation (TDSE). This paper is organized as follows: In Sec. II the system under study, its full Hamiltonian and the numerical techniques to solve the TDSE of the system are presented. In Sec. III we discuss the numerical results for the optical centrifuge interacting with SO 2 . Specifically, we describe in Sec. III A the centrifugal dynamics in terms of the mixing of the angular momentum along different directions. In Sec. III B, we analyze the alignment of the SO 2 for several optical centrifuge parameters and in Sec. III C we study the orientation induced by the electric static field. In Sec. IV, we summarize the main conclusions of this work and the outlook for future projects. Finally, we in-clude in the Appendices A and B the derivation of the Hamiltonian corresponding to the interaction with the fields and a summary of the Wigner D-matrix elements, respectively.
II. THE SYSTEM AND NUMERICAL METHODS
We analyze the impact of a static dc field and an intense non-resonant centrifuge laser pulse on the rotational dynamics of SO 2 . We work in the BornOppenheimer and the rigid rotor approximations, neglecting transitions among electronic or vibrational levels. In this framework, the wavefunction is written in terms of the Euler angles Ω = (φ, θ, χ), which determine the relative orientation of the xyz molecular fixed frame (MFF) with respect to the XY Z laboratory fixed frame (LFF) [44] . In the Born-Oppenheimer and the rigid rotor approximation, the Hamiltonian reads as
where H rot is the rotational kinetic term
J k being the projection of the angular momentum operator along the k axis of the MFF. The rotational constants are A = 2.028 cm −1 , B = 0.3442 cm −1 and C = 0.2935 cm −1 [45] , where the a axis of the MFF is parallel to the line which contains the oxygen atoms, b lies in the plane of the molecule and contains the sulfur atom and c is perpendicular to the molecular plane [see Fig. 1(a) ]. Note that we identify the axes a, b and c with y, z and x, respectively, throughout the paper.
The molecule interacts with the static electric field by means of its permanent dipole moment
where E S = E SẐ is the electric field, the dipole moment µ = 1.62 D points to the sulfur atom [45] [see Fig. 1 (a)] and θ P q is the angle formed by the P and q axes of the LFF and the MFF, respectively. Without loss of generality, we only consider electric fields parallel to the Z axis of the LFF, because the inclination angle can be included in the angle formed by the polarization of the laser field and the Z axis of the LFF. The coupling with the non-resonant laser field, H L (t) is obtained after averaging over rapid oscillations of its electric field [46] , where the polarizability tensor, α, is diagonal in the MFF with components α xx = 2.756Å 3 , α yy = 4.638Å 3 and α zz = 3.082Å 3 [47] and E L (t) is the envelope of the pulse. In Appendix A we describe in detail the expansion of H L (t) in terms of the relative orientation between the MFF and the LFF.
A field-dressed state is labeled as the field-free state J Ka,Kc M adiabatically connected with it [48] , where J is the total angular momentum, M the magnetic quantum number and K a and K c the projection of the total angular momentum along the a and c axis in the prolate and oblate limiting cases, respectively. We consider the following process: Initially a SO 2 molecule interacts with a static dc field parallel to the Z axis of the LFF. The field is switched on adiabatically until a maximum E S at t = 0, and is kept constant. We assume that this process is adiabatic, hence, the wavefunction at t = 0 is an eigenstate of the field-dressed Hamiltonian H rot − H S . In a second step, at t = 0 an optical centrifuge pulse contained in the XZ plane of the LFF is switched on. Its analytical form is E L (t) = E L,max g(t) X sin β(t) +Ẑ cos β(t) , where β(t) = γ 2 t 2 + δ, γ is the angular acceleration of the polarization axis, δ the angular initial phase and the envelope g(t) reads
In the present work, we consider a pulse with an intensity I 0 = 5 × 10 12 W/cm 2 , turning on/off times t on = t off = 2 ps and a duration of t p = 32 ps, for several values of γ. Finally, we also analyze the rotational dynamics in the static electric field once the pulse is switched off.
To investigate the rotational dynamics, we calculate the time dependent wavefunction by solving the TDSE using the short iterative Lanczos method [22, 49] . For the angular degrees of freedom we use a basis set expansion in terms of the symmetrized field-free symmetric top eigenstates |JKM s [22] , where J is the total angular momentum quantum number, K and M are its projections along the z axis of the MFF and the Z axis of the LFF, respectively, and s = 0, 1 is the parity under reflections on the polarization plane XZ of the LFF, σ XZ . The total Hamiltonian H(t) commutes with σ XZ and two-fold rotation around the z-axis of the MFF (C z 2 ), therefore s and the parity of K are preserved and define the four irreducible representations of the system [22, 50] . See Appendix B for further details on |JKM s and its relation with the Wigner elements, D J M,K (Ω) [44] .
III. RESULTS
In this section we investigate in detail the rotational dynamics induced in a SO 2 molecule by a centrifuge laser pulse and a static dc field. Throughout this work, we only consider even wavefunctions under the symmetry operations C z 2 and σ XZ . The calculations are converged for basis set functions with 0 ≤ J ≤ J max = 90.
A. Centrifugal dynamics
Here we analyze the centrifugal dynamics of the molecule induced by the optical centrifuge with δ = 0. The slow rotation of the polarization axis during the turning-on of the laser allows the most polarizable axis (MPA) of the SO 2 molecule to align along it. Next, the accelerated rotation of the laser polarization axis is followed by the MPA. After the pulse is over, the molecule continues rotating, ideally, at the final angular frequency of the pulse. This rotation leads to the mixing of the angular momentum of the system. To illustrate this effect, we show in Fig. 2 the expectation value J 2 for the rotational groundstate, 0 00 0, and I 0 = 5 × 10 12 W/cm 2 , E S = 300 V/cm and γ = 0, 5 and 10°/ps 2 . For γ = 0, J 2 increases until 66.93 2 and oscillates around this value until the pulse is off, remaining almost constant.
Just after the turning-on of the laser, the optical centrifuge is still slow, therefore, J 2 almost coincides for γ = 0, 5 and 10°/ps 2 , up to the first peak of approximately 105 2 around 2.17 ps. However, as the polarization axis accelerates, the angular momentum increases linearly in time, tending to be proportional to the angular velocity. This effect can be understood classically for a linear rotor, where the classical angular momentum is J cl = Iω, being I the inertia constant and ω the angular velocity which, in this setup, increases linearly in time. Under this assumption, we may approximate at the end of the pulse
, which is close to the result of the time propagation for an electric field with strength ES = 300 V/cm and γ = 0 (solid red), 5 (dashed blue) and 10°/ps 2 (dash-dotted orange). The envelope of the centrifuge is also shown (gray).
To obtain a better physical insight of the rotational dynamics of the wavefunction Ψ(t) we analyze the population of all the components with the same rotational quantum number J but different values of M and K, which is defined as P J (t) = KMs | JKM s|Ψ(t) | 2 . In Fig. 3 we show the distribution of P J (t) during and after the pulse for the initial states J Ka,Kc M = 0 00 0, 2 02 2 and 6 06 6. First note that the weights of even and odd J contributions to P J (t) are comparable due to the mixing induced by the dc electric field during the turning-on of the laser, as has already been proven for excitations by a non-resonant linearly polarized laser [16, 17, 22] . However, there is still a predominance of the even contributions over the odd. For each initial state, we observe that P J (t = 20 ps) is formed by two distributions with a large overlap, centered approximately around J = 8 and J = 28, being more remarkable for 2 02 2 and 6 06 6. After the pulse, the distribution at low J has slightly changed not only the shape, but also the population. This part of the distribution is constituted by the components which are unable to follow the rotation of the laser polarization axis. However, the other part is pushed to larger J values during the acceleration, increasing the net rotation of the molecule. For the initial state 6 06 6 the population of the components which does not contribute to the rotation is larger, since the higher angular momentum of the initial state implies that more counter rotating components play a role during the dynamics. For the groundstate as initial state J 2 ≈ 0 before the turning-on of the laser, which ensures that the initial population is not corotating or counterrotating. We now analyze the rotational dynamics of the molecule in terms of the projection of the angular momentum J along the axes of the MFF and the LFF. The optical centrifuge induces a rotation around the Y axis of the LFF, which is measured by J Y 2 , shown in Fig. 4(a) .
J Y 2 follows the same behavior as J 2 , increasing during the pulse, until a maximum value which depends on the initial state. During the pulse, we observe oscillations which also appear in the acceleration of linear rotors [51] . After the pulse, J Y 2 remains almost constant, being the weak dc field responsible for the tiny oscillations. In Fig. 4(b) we show the square of the projection of J along the x-axis of the MFF, J x 2 , for the three initial states.
We observe that J Y 2 ≈ J x 2 during and after the optical centrifuge, despite the oscillation of J x 2 caused by the asymmetric inertia tensor and the disagreements at low angular momentum. Moreover, these two projections constitute the major contribution to the total angular momentum. For instance, at the end of the pulse,
2 . Therefore, the molecule tends to restrict the motion of the MPA (y-axis of the MFF) and the remaining axis with the largest rotational constant (z axis) in the plane of the optical centrifuge (XZ plane), as has been shown experimentally [35] . Taking all this into account, we are allowed to approximate the superrotor after the pulse as a linear rotor, whose rotational constant is C [35] . Then, we can extract the effective angular velocity ω ef = ω 2 using J x
2 , where I C is the inertia constant around the x axis and C = 2 /(2I C ). We obtain ω ef = 221.86, 195.14, and 174.23°/ps for 0 00 0, 2 02 2 and 6 06 6, respectively. Note that C is the smallest rotational constant, hence, these values are lower bounds of the real ω, which would correspond to 320°/ps and J x 2 ∼ J 2 = 50.51 2 . Let us remark that the peak of P J (t) for high J's after the pulse is located around J ≈ 50 in Fig. 3 (b) , (d) and (f), in agreement with the approximation of SO 2 as a linear rotor.
B. Alignment to the polarization plane
Next, we analyze the alignment induced by the optical centrifuge in the LFF. In the previous section, the comparison between J x 2 and J Y 2 showed that after the optical centrifuge most of the rotation of the SO 2 molecule is restricted around the optical centrifuge propagation axis and the x axis of the MFF. Therefore, the x axis of the MFF tends to align along the Y axis of the LFF, that is to say, the plane defined by the molecule leans towards the XZ plane of the LFF. This effect has been observed experimentally in both linear [52] and asymmetric top molecules [35] . To illustrate the alignment of the molecule we show the alignment factors cos 2 θ Zz , cos 2 θ Xy and cos 2 θ Y x for the initial states 0 00 0, 2 02 2 and 6 06 6, and the pulse parameters I 0 = 5 × 10 12 W/cm 2 , γ = 10°/ps 2 and E S = 300 V/cm in Fig. 5 . During the turning on of the laser, the polarization axis is almost parallel to the Z axis of the LFF. Hence, the MPA aligns along it, and thus cos 2 θ Xy decreases to approximately 0.110 for 0 00 0. Similarly, cos 2 θ Zz reaches a minimum of approximately 0.168 at the same times. Due to the optical centrifuge, the projections of these molecular axes onto the lab axes oscillate following the polarization axis rotation. For the three initial states, cos 2 θ Zz and cos 2 θ Xy follow the same pattern during the pulse, but the amplitude of the oscillations diminishes as the excitation of the state increases. After the pulse, each alignment factor oscillates around approximately the same value for all the states considered, being a bit larger for cos 2 θ Xy , which involves the MPA. The revivals for both alignment factors during the post pulse propagation are located at the same times. They are more marked for the rotational groundstate as initial state, where the maximum peaks for cos 2 θ Zz and cos 2 θ Xy are 0.459 and 0.516 and are located at t ≈ 144.5 ps. The alignment factors are mainly driven by C-type revivals [53, 54] , being the revival time T rev = 57 ps, in accordance to the experimental measurements [35] and the rotational dynamics described in Sec. III A. In Fig. 5(c) we illustrate the alignment in the XZ plane of the LFF by cos 2 θ Y x . Let us remark that 0 ≤ cos 2 θ Y x ≤ 1, where 0 means that the molecular plane is perpendicular to the XZ plane of the LFF and, on the contrary, they are coplanar for cos 2 θ Y x = 1. The alignment dynamics is similar for the three states, but, as expected, it is more efficient for the 0 00 0. During the turning on, the alignment increases abruptly and the rotation of the polarization axis induces a smooth increasing until the pulse is over. The turningoff of the laser field weakly affects the maximum value reached during the centrifuge, corresponding to approximately 0.528, 0.463 and 0.424 for 0 00 0, 2 02 2 and 6 06 6, respectively. These values remain during the post pulse propagation, i. e., SO 2 remains attached to the XZ plane of the LFF for long times due to angular momentum conservation and the stability of rotations around the x (c) axis. alignment presents an irregular behavior without any pattern, ranging from 0.15 to 0.43. For γ = 5°/ps 2 we observe some revivals separated by approximately 28.4 ps. There are also weaker revival-like structures between two consecutive main revivals, due to the contribution of other rotation modes associated to SO 2 . Note that the asymmetry of the SO 2 molecule implies that these revivals are not well defined, hence, the interference of different modes causes the damping and vanishing of these structures at long times. For faster rotations, as in the case of γ = 10°/ps 2 , the main revivals are more pronounced, because the rotation around the x axis of the molecule prevails over the other motions. 
C. Orienting superrotors
In this section we analyze the orientation induced by the impact of the dc field and the optical centrifuge. Let us recall that the dipole moment of the SO 2 molecule defines the z axis of the MFF and coincides with the second MPA. On the contrary, the MPA lies along the y axis of the MFF. Taking into account that even for the largest acceleration considered, γ = 10°/ps 2 , the polarization axis only rotates 20
• during the turning on, we can restrict our study to two limiting cases for linearly polarized lasers (γ = 0°/ps 2 ) to understand the dynamics during the switching on of the centrifuge. First, for parallel fields (δ = 0
• ), the non-resonant laser pushes the MPA to its polarization axis. However, the dc field acts in the opposite way, forcing the dipole moment µ to orient along the same axis of the LFF. For weak dc fields, the orientation is negligible due to the strong interaction due to the laser. On the other hand, in the perpendicular case (δ = 90 • ), both fields collaborate and the orientation along the dc field is compatible with the alignment along the polarization axis of the laser. In addition to these considerations, the field configuration determines the number of real and avoided crossings as well as the population transfer among them [20, 22] , which can dramatically affect the orientation, even for weak dc fields [17, 19] . We illustrate the orientation of the groundstate in the presence of the optical centrifuge for δ = 90°in Fig. 7 . Before the centrifuge is switched on, the orientation cos θ Zz = 0.234 × 10 −2 and 0.543 for E S = 300 V/cm and 100 kV/cm, respectively. The fast switching on of the laser constructs a coherent wavepacket which enables the orientation and antiorientation during the propagation, as it is observed even for γ = 0°/ps 2 . We see in Fig. 7 (b) that the orientation is fully controlled by the laser field for γ = 10°/ps 2 , and coincide for both strengths of the dc field. However, for γ = 5°/ps 2 the laser is not able to drive the orientation, as we show in Fig 7(a) .
These considerations have important implications in the post pulse propagation, as we illustrate in Figs. 8-10 . First, let us evaluate the impact of the remaining dc field during the rotation of the molecule after the pulse. We consider that the kinetic energy of the superrotor is mainly due to the rotation around the x axis of the MFF [see Sec. III A], then
for γ = 5°/ps 2 , which is much larger than the coupling with E S = 100 kV/cm, ∼ E S µ z ≈ cos θ Zz × 2.72 cm −1 . Therefore, during the rotation, the superrotor will experience a negligible deceleration (acceleration) impulse when oriented (antioriented) with respect to the electric field. Let us remark that the impact of this kick on the orientation is even much smaller for γ = 10°/ps 2 , since H rot ∼ −2 C J 2 x ≈ 366.87 cm −1 . In Fig. 8 show the orientation for the most favorable case, i. e., δ = 90
• . For γ = 0°/ps 2 we observe an irregular orientation pattern ranging from approximately −0.2 to 0.2, with decreasing amplitude over time. If we increase the acceleration to 5°/ps 2 the peak orientation decreases to 0.08 and the oscillatory pattern is irregular. On the contrary, the orientation for γ = 10°/ps 2 shows a clear and well-defined revival structure characterized by revivals located around 85, 140 and 198 ps, which are separated by approximately T rev = 57 ps, associated to the rotations around the x axis of the MFF. Between these revivals we find other oscillations which are related to other rotational motions. If we increase the dc field strength to E S = 100 kV/cm the revivals in the orientation become more regular, as we see in Fig. 9(b) . Specifically, the location of the revivals are separated again by approximately 57 ps, but, in contrast to the previous case, there are no revivals between these structures. The oscillations of the main revivals in the laser field free region are slightly enhanced with respect to the weak dc scenario.
We illustrate the collinear fields case with a weak dc field, E S = 300 V/cm in Fig. 10 . As we have discussed above, the dc field and the laser field attempt to orient and align the molecular axes along different directions during the switching on. For γ = 5°/ps 2 we find that the orientation is highly oscillatory without a main frequency or revival structure as in δ = 90°and the amplitude is smaller than 0.05. However, for γ = 10°/ps 2 we do not recover a well-defined revival structure, caused by the mixing during the switching on of the centrifuge. As we have discussed, the initial configuration of the fields, i. e., δ and the strength of the field, has a strong impact in the orientation for the parameters analyzed in this work. However, for higher values of γ, the angle covered during the switching on may exceed π, increasing the population transfer among states with different orientation. This may lead to a vanishing average value of the orientation. 
IV. CONCLUSIONS
We have theoretically studied the rotational dynamics of an asymmetric rotor induced by an optical centrifuge and a constant static electric field by solving the TDSE in the rigid-rotor approximation. Specifically, we describe the case of sulfur dioxide, which has been experimentally addressed [35] . The accelerated rotation of the polarization axis of the pulse provokes an effective rotation of the molecule paced with the centrifuge, which leads to a strong excitation of states with high angular momentum. We observe that the population of J as the function of time is formed by two well defined parts: the efficiently accelerated and the non accelerated. The latter one is characterized by J ∼ 10 for γ = 10°/ps 2 and remains almost unaltered during the acceleration, whereas the accelerated part moves to higher J's as the centrifuge accelerates. The accelerated population is lower for higher excited initial states.
For the first time, we have shown numerically that a planar asymmetric molecule tends to the plane defined by the polarization axis of the centrifuge as the superrotor accelerates. We confirm that the superrotor remains attached to this plane for long times after the pulse [35] , being slightly affected by the revivals. On the other hand, the delay between revivals in the alignment cos 2 θ Zz and cos 2 θ Xy during the post pulse propagation coincide with the experimental measurements [35] .
The restriction of the rotation to the XZ plane implies that the squared of the projection of the angular momentum along the propagation axis of the laser, J 2 Y , coincides with the projection along the least polarizable axis (LPA) of the molecule J 2 x , being the major contribution to the total angular momentum. Therefore, we can extract the effective angular velocity ω ef using the inertia constant of the rotation around the LPA. Finally, we have analyzed the orientation of the superrotor caused by the dc field. We have shown that for the optical centrifuge accelerations under study, the orientation is very sensitive to the initial angle formed by the polarization axis and the dc field. In the case of SO 2 , the initial perpendicular configuration is the most favorable for the orientation, since the MPA and the dipole moment are perpendicular. In this scenario, we clearly observe a revival structure, which experimentally may allow to locate the high orientation/antiorientation periods during the time evolution. Moreover, for a strong dc field we observe more well defined revivals than in the weak field case, due mainly to the suppression of many rotational modes which do not correspond to the rotation around the c axis. Let us note that faster rotating optical centrifuges may completely frustrate the orientation during the acceleration.
Summing up, we have shown that the optical centrifuge combined with a static electric field contained in the polarization plane allows to control both the alignment and the orientation of a molecular ensemble of asymmetric molecules. This motivates the exploration of other field configurations such as the combination of an optical centrifuge and a perpendicular electric field, which might produce a large orientation perpendicular to the polarization plane. The coupling with the laser field in the rotating wave approximation is given by [46] 
where E L (t) is the envelope of the electric field of the laser field and α is the polarizability tensor. In the case of SO 2 , α is diagonal in the MFF, with the elements α xx , α yy and α zz . The electric field in the MFF reads as 
where θ P q is the angle formed by the P axis of the LFF and the q axis of the MFF. The analytical expressions of the directional cosines are given in Appendix B. The coupling in Eq. (A1) may be written 
